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Abstract
The Lusternik–Schnirelmann pi1-category, catpi1X, of a topological space X is the least integer
n such that X can be covered by n+ 1 open subsets U0, . . . , Un, every loop in each of which is
contractible in X. In this paper we will prove a gap theorem that catpi1Mn 6= n−1 for any closed
connected n-dimensional manifold Mn. With the fact that the fundamental group of a compact
Ka¨hler manifold is not a nontrivial free group, we see as a corollary that the pi1-category of a
compact Ka¨hler surface is even. Ó 1999 Published by Elsevier Science B.V. All rights reserved.
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1. Review of Lusternik–Schnirelmann pi1-category
The notion of the Lusternik–Schnirelmann pi1-category was defined by Fox (1941) [4]
and used by Eilenberg and Ganea (1957) [3] for the study of the relation between the
cohomological and geometrical dimensions of an abstract group G and the L–S category
of its classifying space BG = K(G, 1).
A subset U of a space X is called pi1-contractible in X if every loop in U is contractible
to a point in X . We write catpi1X = n if n is the least integer such that X can be covered
by n + 1 open subsets U0, . . . , Un which are pi1-contractible in X ; if there is no such
integer, catpi1X =∞. Note that our pi1-category is one less than the one defined by Fox.
Similarly the category, catX , of a topological space X is the least integer n such that
X can be covered by n+ 1 open subsets each of which is contractible to a point in X .
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Clearly catpi1X 6 catX . Moreover, catpi1X and catX are homotopy type invariants of
X . It is known also that catX 6 dimX for a connected CW-complex X .
We see easily that for a path connected space X, catpi1X = 0 if and only if pi1(X) = 0.
Moreover, we have
Theorem 1 (Eilenberg and Ganea [3], Go´mez-Larran˜aga and Gonza´lez-Acun˜a [5]). Let
X be a paracompact, connected and locally path connected space. Then, catpi1X 6 n if
and only if there exist a connected CW-complex K of dimension n and a map g :X → K
such that g∗ :pi1(X)→ pi1(K) is an isomorphism.
Corollary. For a connected CW-complex X, catpi1X = 1 if and only if pi1(X) is a
nontrivial free group.
The corollary follows easily from Theorem 1, because catpi1X = 1 implies that there
is a map X
'pi1−→ ∨S1.
Theorem 2. Let X be a connected CW-complex and f :X → Bpi = K(pi, 1) a map
to the Eilenberg–MacLane complex given by attaching cells of dimension greater than
two, where pi denotes pi1(X). Assume n > 2. Then, catpi1X 6 n if and only if
f∗ :Hk(Bpi;Λ)→ Hk(X ;Λ) is a zero map for k > n and any local coefficients Λ.
Proof. The only-if part is a direct consequence of Theorem 1, because Hk(K,Λ) = 0
for k > dimK and the homotopy axiom holds also for the cohomology with local
coefficients. We try to extend fk−1 :Xk−1 → Bpin over Xk starting from k = n +
1. We reformulate this as a pi-equivariant extension problem of f˜k−1 : X˜k−1 → B˜pin
over X˜k. This has the advantage that the spaces B˜pin are (k − 1)-simple and that the
maps automatically induce, after taking quotients with pi, an isomorphism on pi1. The
obstruction groups are (see tom Dieck [2, II.3])
Hkpi
(
X˜;pik−1(B˜pin)
)
= Hk HomZpi
(
C∗(X˜), pik−1(B˜pin)
)
which agree with the cohomology with local coefficients Hk(X ;pik−1(Bpin)). Assume
that
f∗ :Hk
(
Bpi;pik−1(Bpin)
)→ Hk(X ;pik−1(Bpin))
is a zero map for the local coefficients concerning the obstruction to extending
f˜k−1 : X˜k−1 → B˜pin over X˜k. Since f˜k is the restriction of the map f˜ , the obstruction
element comes from Hk(Bpi;pik−1(Bpin)). So the obstruction vanishes, and correcting
the map on (k − 1)-cells we can extend the map to f˜k : X˜k → B˜pin. Since f is unique
up to homotopy by elementary obstruction theory, the new fk can also be considered
as a restriction of f . Starting from k = n+ 1, the map can be extended inductively by
the same reasoning to f ′ = f∞ :X = X∞ → Bpin, by each step determining f ′ on the
(k − 1)-cells. Clearly f ′ induces an isomorphism on pi1. 2
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2. L–S category and L–S pi1-category of closed connected manifolds
We will treat only the connected manifolds. The circle S1 is the only closed 1-manifold
and catpi1S1 = catS1 = 1. In dimension two, the simply-connected closed manifold is
S2 and the others have nonfree fundamental groups. So, by the corollary to Theorem 1
we have catpi1S2 = 0, catS2 = 1 and for the other closed 2-manifolds M , catpi1M =
catM = 2. In dimension three, the simply-connected closed manifold is a homotopy
sphere Σ with catpi1Σ = 0, catΣ = 1. The manifold M with free fundamental group
is a connected sum of some copies of S1 × S2, S1×˜S2 and homotopy spheres with
catpi1M = 1, catM = 2 by Papakiriakopoulos [11]. The other closed 3-manifolds M
have catpi1M = catM = 3 by Go´mez-Larran˜aga and Gonza´lez-Acun˜a [5].
Some examples of manifolds with highest catpi1 = cat are given by
catpi1(closed aspherical n-manifold) = n
and
catpi1(S
n/G) = n,
where Sn/G is the orbit space of a free action of a finite group G on Sn. Both of these
known results follow easily from Theorem 2.
Now we state a gap theorem which has already been checked for the case of dimension
6 3 in the above.
Theorem 3. For any closed connected n-dimensional manifold Mn
catpi1M
n 6= n− 1.
Remark. For a punctured torus we have catpi1(Tn − pt) = n− 1.
We also easily obtain the following.
Proposition 4. For 1 6 k 6 n there is a closed connected n-dimensional manifold Mn
such that catMn = k. In fact, cat(T k−1 × Sn−k+1) = k.
Note that catpi1(T k×Sn−k) = k for 0 6 k 6 n−2. Moreover, for a knot complement
we have the following.
Theorem 5 [10]. For 1 6 k 6 n − 1 there is a locally flat knot (Sn, Sn−2) such that
catpi1(S
n − Sn−2) = cat(Sn − Sn−2) = k.
The main theorem of [10] does not mention the pi1-category, but the proof shows the
above.
3. Proof of Theorem 3
We may assume that n > 2. Assume first that M is a PL or a smooth manifold.
So it can be triangulated as a finite CW-complex. Assume that catpi1 Mn 6 n − 1. By
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Theorem 2 it suffices to prove that f∗ :Hn−1(Bpi;Λ)→ Hn−1(X ;Λ) is a zero map for
any local coefficients Λ, where f and pi are defined as in Theorem 2.
Since Λ is a Z[pi]-module we may express Λ as a quotient by taking a set of generators:
0→ J → F → Λ→ 0,
where F is a free Z[pi]-module. This induces a ladder of exact sequences
· · · //Hn−1(Bpi;F ) //
f∗

Hn−1(Bpi;Λ) //
f∗

Hn(Bpi;J) //
f∗

· · ·
· · · //Hn−1(Mn;F ) //Hn−1(Mn;Λ) //Hn(Mn;J) // · · ·
By assumption the right-hand map f∗ = 0. By exactness this implies
f∗
(
Hn−1(Bpi;Λ)
) ⊂ Im(Hn−1(Mn;F )→ Hn−1(Mn;Λ)).
Now we see that
Hn−1(Mn;F ) ∼=
⊕
Hn−1(Mn;Z[pi]).
Moreover, we have the following.
Lemma 6. If a CW-complex M is compact, then
Hk(M ;Z[pi]) ∼= Hkc (M˜ ;Z),
where pi = pi1(M), M˜ is the universal covering of M and H∗c is cohomology with
compact supports.
Proof. Denote by Zn the set of n-cells of M and by Z[pi]Zn the free Z[pi]-module
generated by Zn. Then
Hk(M,Z[pi]) =Hk
(
HomZ[pi](C∗(M˜),Z[pi])
)
=Hk
(
HomZ[pi](Z[pi]Z∗,Z[pi])
)
= Hk
(∏
Z∗
Z[pi]
)
.
As Zn is finite the last module equals
Hk
(⊕
Z[pi]Z∗
)
= Hk
(
C∗(M˜)
)
with transposed differential. But this complex yields the compactly generated cohomology
of M˜ . 2
Now, by Poincare´ duality Hn−1c (M˜n;Z) ∼= H1(M˜n;Z) = 0, because M˜n is simply-
connected. Hence, by Lemma 6, Hn−1(Mn;F ) = 0, and by the argument before
Lemma 6 the map f∗ :Hn−1(Bpi;Λ) → Hn−1(Mn;Λ) is a zero map. This completes
the proof of Theorem 3 for PL- and smooth manifolds. For a compact topological man-
ifold Mn, we embed Mn into Rm, m large, with the normal closed-disc-bundle E.
Then E can be triangulated as a compact PL-manifold [7] which has the same homotopy
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type as M and therefore we can treat Mn as a finite CW-complex with cohomological
dimension n; the same proof will apply.
We remark that the compactness of M is essential in Lemma 6, as follows from the
remark following Theorem 3.
4. A remark on compact Ka¨hler surfaces
Since the following proposition is easily verified, we get a restriction on the values of
catpi1M for the compact Ka¨hler manifolds M .
Proposition 7. No compact Ka¨hler manifold has a nontrivial free fundamental group.
Theorem 8. The pi1-category of a compact Ka¨hler surface S is even.
Proof of Theorem 8 from Proposition 7. By the corollary to Theorem 1 and Propo-
sition 7, we see that catpi1S 6= 1. Theorem 3 says that catpi1S 6= 3. This completes the
proof. 2
Proof of Proposition 7. This is well known. See, for example, [1]. For a simple proof it
suffices to remark that the first Betti number b1 is even for the compact Ka¨hler manifold
by Hodge theory. In fact, assume that there exists a compact Ka¨hler manifold with a
free group of rank > 2 as its fundamental group. Then, the two-sheeted covering of M
associated to one of the free generators of the free fundamental group is also a compact
Ka¨hler manifold whose b1 should be odd. This is a contradiction. To understand the
proof, it is enough to think only of the case of S1 × S3#S1 × S3 and note that b1 of the
covering is determined only by the fundamental group. 2
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